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11-01 3-D COORDINATE SYSTEM

IN THIS SECTION, YOU WILL:

* PLOT A POINT IN 3-DIMENSIONS.

* CALCULATE 3-DIMENSIONAL DISTANCE AND MIDPOINT.
* FIND AND GRAPH THE EQUATION OF A SPHERE.

» FIND A TRACE OF A SPHERE.




11-01 3-D COORDINATE SYSTEM

* Points in 3 dimensions

* (xy2)

* Graph by moving out the x, over the y,
then up the z.

* Graph A(5, 6, 3)
* Graph B(-2,-4,0)




11-01 3-D COORDINATE SYSTEM

* Distance Formula
e In2-D:
cd= \/(xz —x1)% 4+ (y, —y1)?
* In 3-D: (just add the z)

cd= \/(xz —x1)%+ (Y2 —y1)? + (22 — z)?




11-01 3-D COORDINATE SYSTEM

* Midpoint Formula
* In 2-D:

. _ (X1tX2 Y1t+Y2
M= ( 2 2 )
* In 3-D: (just add the z)

« M= (x1+x2 yity2 Z1+Zz)
- Y )
2 2 2




11-01 3-D COORDINATE SYSTEM

* Equation of Circle (2-D)
c (x—n2+ -k =r?

» Equation of Sphere (3-D) (just add z)
s (x—h)?+(y—k)?+(z—))?*=r?
* Centeris (h, k, j), r = radius

* Graph by plotting the center and
moving each direction the radius

* Graph
x=22+@+1D?*+(z+1)?% =16

Center (2, -1, -1)
r’2=16sor =4




11-01 3-D COORDINATE SYSTEM

* Trace (like intercepts for a sphere)

* Draw the xy trace for
(x=22+@+1D*+(=z+1%*=16 .

Since xy trace, letz = 0
x=22+@+D*+D?*=16
(x—22+(@y+1)2=15

r =15 ~ 3.9

Looks funny because a perspective drawing

Center (2, -1)




11-02 VECTORS IN SPACE

IN THIS SECTION, YOU WILL:
* USE VECTOR OPERATIONS IN THREE DIMENSIONS.
* FIND THE ANGLE BETWEEN VECTORS.




11-02 VECTORS IN SPACE

* Vectors in 2-D
* V= (v, vy)

* Vectors in 3-D (just add z)
* U =(vy,V,,V3)

* To find a vector from the initial point
(p1, P2, p3) to the terminal point

(qlr QZ, CI3)
* UV =(qy — P1,q2 — P2,93 — P3)

o Ifv = (vy,v,,v3)and u = (uq, uy, us),
» Addition

* Add corresponding elements

s V+uU=(v; + Uy, vy + Uy V3 + Us3)
* Scalar multiplication

* Distribute

s ¢V = (cvq,CVy, CV3)
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11-02 VECTORS IN SPACE
o Ifv = (vy,v,,v3)and u = (uq, uy, us),

* Dot Product
¢ 6 . l_i =PVuy + VoU, + V3U3

* Magnitude

- vl = /7712 +v3 +v3

 Unit vector in the direction of v

v
vl
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11-02 VECTORS IN SPACE

* Angle between vectors

* u-v = lullllvllcos 6

e If6 =90°(andu - v = 0)
* Then vectors are orthogonal
e Ifu=cv

* Then vectors are parallel

<\
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11-02 VECTORS IN SPACE

e Letm=1(1,0,3)andn =(—2,1,—4)  Find unit vector in direction of m
 Find ||m||

« Findm + 2n

7l = [ +m3 +m2

=12 + 02 + 32
= V10

_

m  (1,0,3)
Imll V10

/1 0o 3
~ \Vio' vio'vio
_<\/E 3m>
“\10 %10

(1,0,3) + 2(—=2,1,—4)
(1,0,3) + (—4,2,-8)
(—3,2,-5)
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11-02 VECTORS IN SPACE

e Letm=1(1,0,3)andn =(—2,1,—4) * Find the angle between m and n

e Findim-n

(1,0,3) - (—2,1,—4)
1(=2) +0(1) + 3(—4)
-14

m -1 = ||[m|l||n|| cos 6
~14 =12 + 02 + 32/(=2)2 + 12 + (—4)2 cos 6
—14 = 10v21 cos 6

—14
= cos @O
Vv10v21
0 ~ 165.0°
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11-02 VECTORS IN SPACE

» Arep =(1,5—2)and § = <—§,—1,§> + Parallel if 5 = c§

parallel, orthogonal, or neither?

Orthogonalifp-q =10
1 2
(1,5,-2)- -1,z

5 s
1 2
(D) s+ )
1 4

Not 0, so not orthogonal

5
Check x
1 1
=c <— §> - c=-5
Check y
5=c(-1)>c=-5
Check z

15
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11-02 VECTORS IN SPACE

e Are P(1,-1,3),0Q(0,4,—2),and R(6,13,—5) collinear?

Find PQ and QR. If they are parallel, then they go in same direction.

Since they would share a point, then they would be the same line.

= (=1,5,—5)
OR=(6-0,13 —4,—5 — (=2))
= (6,9, —3)

These are not parallel because ﬁ * cﬁ
They are not going same direction, so not collinear
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11-03 CROSS PRODUCTS

IN THIS SECTION, YOU WILL:
* EVALUATE A CROSS PRODUCT.
» USE A CROSS PRODUCT TO SOLVE AREA AND VOLUME PROBLEMS.
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11-03 CROSS PRODUCTS

* {is unitvector in x, J is unit vector in y, and k is unit vector in z

s U=ul+uyf+uskand v = vl + vyf + v3k
A

*UXV=U Uz U
Vi V2 V3

e Ifu=(-2,3,-3)andv =(1,-2,1), findu x v

R A '
3 -31-2 3
-2 1|11 =2

|
w
~>
|
~>
+
==~
Il
T
‘UJ
|
"_X
—_
~

18



11-03 CROSS PRODUCTS

Properties of Cross Products
uxv=—(wxu)
ux@+w)=@Uxv)+@Uxw)
cUXV)=cuXv=uxXcv
uxu=0
e [fuxv=0,thenuand v are
parallel

cu-(wxw)y=Uxv)-w
* U X v is orthogonal to u and v

* llux vl = [lullllv|l sin6

19



11-03 CROSS PRODUCTS

A = bh

h = ||lu]| sin@

A =|Ipllllull sin6

Area of a Parallelogram

* |lu x v|| where u and ¥ represent
adjacent sides
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11-03 CROSS PRODUCTS

* Triple Scalar Product (shortcut)
Uy Uz U
Uy V2 V3
wp Wz w3

cu-(Wxw)=

* Volume of Parallelepiped
* (3-D parallelogram)

e V=|u-(wxw)|whereu, v,and w
represent adjacent edges
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11-04 LINES AND PLANES IN SPACE

IN THIS SECTION, YOU WILL:

*  WRITE AN EQUATION FOR A LINE IN THREE DIMENSIONS.
*  WRITE AN EQUATION FOR A PLANE.

* FIND THE ANGLE BETWEEN TWO PLANES.

* GRAPH A PLANE.
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11-04 LINES AND PLANES IN SPACE

* Lines

* Line L goes through points P and Q

* visadirection vector for L €= 7
 Start at P and move any distance in P= (i yiz) |
direction ¥ to get some point Q =L ]/ '

. w = tv because they are parallel

v={a,b,c)

*,444

BA,

* (x —x1,y —¥1,Z — ;) = {at, bt, ct) = :
= -

* General form IR0 = i




11-04 LINES AND PLANES IN SPACE

* Parametric Equations of Line * Symmetric Equation of Line
» Take each component of the general * Solve each equation in parametric
form and solve for x, y, or z. equations for t
x=at+x; o XX _ VTN _ 274
e y=bt+y, a b ¢
zZ=ct+z;

¢ We used these when we solved 3-D
systems of equations and got many
solutions
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11-04 LINES AND PLANES IN SPACE

* Find a set of parametric equations of the line that passes through (1, 3, -2) and (4, 0, 1).

Find the direction vector between those two points.
v=(4-1,0-3,1—-(-2))

=(3,—-3,3)
=(a, b, c)
Let’s call the first point (1,3, —2) = (xy,y1,271)
Plugitin
x =at+ xq
y=bt+ty
z=ct+2z,
x=3t+1
y=-3t+3
z=3t—2
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11-04 LINES AND PLANES IN SPACE

* Planes

« PQ - 7 = 0 because they are
perpendicular

» Standard form
calx—x)+b(y—y))tclz—2)=0

* General form

s ax+by+cz+d=0

26



11-04 LINES AND PLANES IN SPACE

* Find the general equation of plane passing through A(3,2,2), B(1,5,0),and €(1,—-3,1)

We need to find the normal vector to the plane.
Find two vectors in the plane
AB=(1-35-20-2)=(-23,-2)
BC=(1-1,-3-51-0)=(0,—8,1)
Find the cross product to get a perpendicular (normal) vector
i = AB x BC
A ]
n=|-2 3 =2|1-2 3
0 -8 110 -8
=37+ 0j + 16k — 0k — 16] — 2j
= —137+ 2j + 16k = (a, b, c)

Fill in the general form
Ichose B(1,5,0) = (x1,¥1,21)
alx—x;) +b(y—y) +c(z—2z)=0
—-13(x—1)+2(y—-5)+16(z—-0)=0

Simplify to get general form
—13x+2y+16z+3 =0
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11-04 LINES AND PLANES IN SPACE

* Angle between two planes

* Find the angle between normal
vectors

¢ Normal vectors are coefficients in
the equations of the plane

* Iny - nzl = lInglllinz|l cos 6

28



11-04 LINES AND PLANES IN SPACE

» Distance between a Point and a Plane

e D= ||pr0jﬁ ﬁ”
_ [Po]
(il

29



11-04 LINES AND PLANES IN SPACE

* Graphing planes in space
* Find the intercepts
* Plot the intercepts

* Draw a triangle to represent the
plane

» Sketch 3x + 4y + 6z = 24

x-int3x =24 ->x =8
y-intdy =24 >y =6
z-int6z=24->z=4
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